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pi ' Local symmetries of the action for a relativistic particle with curvature and torsion 

of its world curve in the (2+l)-dimensional space-time are studied. With the help of the 
method, worked out recently by the authors (Phys.Rev., D56, 1135, 1142 (1997)), first 
the local-symmetry transformations are obtained both in the phase and configuration 
space. At the classical level, the dependence of the particle mass on the parameters 
of curvature and torsion and the Regge trajectory are obtained. It is shown that the 
tachyonic sector can be removed by a proper gauge choice. 

o\ 

g : 1 Introduction 

00 . 

Q\ . In recent years, interest in the point relativistic particle has been revived by investigation 
of the action depending on the curvature and/or torsion of the world trajectory of that 
particle (see, e.g. |T[] and refs. therein). This relates, on the one hand, to the development 
of the string theory: the above-mentioned object can be considered as a one-dimensional 
analog of the relativistic string with rigidity f2|. On the other hand, such models seem to 
continue realizing an old idea of modelling the particle spin without introducing additional 
spin variables 0. Note also a connection of the indicated models with the problem of 
describing planar phenomena: the high-temperature superconductivity |3| and the fractional 
quantum Hall effect f5[. 

The present work is devoted to an investigation of the action of a massive relativis- 
tic particle with curvature and torsion in (2+1) dimensions. Here there are the first- and 
second-class constraints, both primary and secondary (see, e.g. [[[], Therefore, already 
the initial stage of constructing the theory needs a complete separation of constraints of the 
first and second class and finding gauge transformations. This can be made only with the 
help of the methods, recently proposed in papers An explicit form of gauge trans- 

formations is required, e.g., in eliminating unphysical degrees of freedom (i.e., a reduction 
of the theory), carried out before or after the quantization (the schemes of covariant and 
canonical quantization). 

The layout of the paper is as follows. In Sec. 2, the system under investigation is consid- 
ered in the framework of the generalized Hamiltonian formalism by Dirac for theories with 
higher derivatives JID|, and by the method, suggested in Ref.0, we separate completely the 



constraints of the first and second class and obtain a canonical set of constraints. In Sec. 
3, we obtain gauge transformations for the considered system both in the phase and config- 
uration space and the Noether identity. In Sec. 4, the dependence of the particle mass on 



1 



the parameters of curvature and torsion and the Regge trajectory are obtained. It is shown 
that the tachyonic sector can be removed by a proper gauge choice. 



2 Generalized Hamiltonian formalism 

So, let us consider a relativistic particle with curvature and torsion of its world curve in the 
(2+l)-dimensional space-time. Given a parametrization of the world trajectory x p {r) (/i = 
0, 1, 2), the action can be written in the form 



S = —m / drVi 2 — a dr 



/-y»/-y»^2 rf 2 , >-» 2 



XX) 2 — X 2 X 2 



where x = dx(r)/dr, x 2 > 0, dimensionless parameters a and (3 characterize the contribu- 
tions of curvature (k) and torsion (k), respectively, m is a parameter of the mass dimension, 
e^yp is a completely antisymmetric unit tensor (e 012 = 1), the Lorentz metric with signature 
(+, — , — ) is used. In the following we shall use the notation 



a p b h 'c p = e(abc) , e pup a u b p = e^ab) 



(2) 



We see that the action [T] depends on the derivatives of the particle coordinates with re- 
spect to r up to and including the third order. Therefore, when passing to the generalized 
Hamiltonian formalism for theories with higher derivatives, the canonical variables are to be 
introduced according to the Ostrogradsky method 



qi = x, q 2 = x, q 3 = x, 
dL dL 



dL 



Pi = - 



dx 



P2, P2 = -^77 - P3, P3 = -^tt 

OX ox 



where L is the Lagrangian in |l|. The canonical Hamiltonian has the form 



H c = -pix - p 2 x - ps'x - L = -piq 2 - p 2 qz + m\J q\ + a 

The Poisson brackets (PB) are defined in the following way 

OA dB dA dB \ 



M dq a[1 dqZ dp a ^ J ' 
From the definition of the momentum p 3 three primary constraints are derived 



(3) 
(4) 



(5) 



(6) 



P3/i - P~ e„(?2*0 



0. 



/i = 0,l,2, 



(7) 



where g = {q 2 qz} 2 — q\q\- Making use of the orthonormal basis in a three-dimensional 
space-time 



rii 



q% 



Tl'-y 
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a qiqz a 



2 



and the completeness condition n^n\ — n 2 n v 2 — n^n^ = g^, it is convenient to decompose 
the vector [7] in this basis and to pass from three primary constraints [7] to the equivalent 
constraints (the projections of [7| onto the vectors H) 



l) \ = P3Q2, 02 = ^3^3, 03 = ^Os^s) + P\[<i- 



(9) 



Determinant of the matrix of the transformation to the constraint set [5] equals —g. When in- 
vestigating self-consistency of the theory, we apply the Dirac scheme for breeding constraints. 
From the conditions of the time conservation of constraints 0* = {0^, H c + u a (() l a } = 
(a = 1, 2, 3; u a are the Lagrange multipliers; = means this equality to hold on the surface 
of the primary constraints Si) we obtain the secondary constraints 



A = P2Q2, 02 = P2Qs ~ a^f , 03 = e(p 2 q 2 q 3 ) - ft' 11 ' 1 '' 

?2 



(10) 



From the conditions 



j.2 5? 



(a = 1, 2) two ternary constraints are obtained 



*>\ = P1Q2 ~ rnJql, 



k 3 9293 

H = P1Q3 - m- 



and the equation 



serves for determining the Lagrangian multiplier 113 



1 



u 3 



<*>/g . 



e(Pi92«») 



Pg 



( 9 l)3/2 



Further we obtain 



and from - 



2 — the quaternary constraint 

am + (3a J m 2 — pi 



V9 



a 



p 1 -m + y/g 



(gf)3/2 



a = sign e{piq 2 qz), 



from the conservation (in time) conditions of which the Lagrangian multiplier u 2 

,92<?3 



u 2 = -3- 



ql 



is determined. In eq.13 it is taken into account that 



[e(Pi92?3)] 2 - g(m 2 -p'i) 



(12) 



(13) 



(14) 



So, the complete set of constraints is obtained with the following PB among them: 
{0l,0^} = 0i, {0},^} = O, {<^} = 0, 

{0^,0}} = ^, {^ )0 1 } = O , {#,^} = $, 

{0?,02> = -02, {0?, 011 = 0, 



{0?, 0}} = 0, {0?, 0i} = 0, {0?, 0i} = 0, {0?, 0?} = -0 
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{01,02 s } 

{02,01} 

{02,0?} 

{02,0}} 

{02,03} 
{0^,01} 

{03, 03} 



{0?, 0s} = -e(Pi?2g 3 ), {0?, 02} = 0, 



{02,02} = 
{02,02} = " 



02, {02,0s} = -0: 



3' 



0. 
0. 
0. 



02, {02,03} 
m 9 r ,3 



-^(Pifeffa), 



(g|)3/2' 

{02, 02} = -02+ ' 7 



(g|)3/2 



{02,03} = 0, 



m H <j\/m z 

a 



Pi 



(g|)3/2 



m + — cy ///-' — ]>] 



3 2 / 2N3/2 112 + ~ a V 771 -Pi): 

o, {4,$} = o, {0^,0^} = 

03, {03, 02} = -03, 

"V 7 ^- ^301 + <?202 + ^2^3(02 ~ 0l), 



{02,03} 



ft? 



(gf)3/2- 



(15) 



We see that from three chains of the constraints the two ones are candidates for second-class 
constraints. Making use of the method developed in Ref.0, let us separate the constraints 
into the first- and second-class ones and pass to an equivalent canonical set of constraints. 
For this purpose, we perform the equivalence transformation to obtain the desired structure 
of the second-class constraints of the canonical set and then completely to separate the 
first-class constraints: 



(g + a x 4>\ + a 2 (j)l ^2 = 02 + «303, 
where the coefficients ai,a 2 and a 3 are determined to fulfil the requirements 

{\l>l,vl>§} ^ 0, {*^}^0, {vD^vD^O 



(16) 



(17) 



means this equality to hold on the surface of all constraints £). Now we carry out the 

(18) 



following equivalence transformation 

$ 2 = cfi + h<f>\, = <pi + b 2 ct>\ + 6 3 ^2 

with coefficients 61,62 arid 63, determined to fulfil the requirements 



The obtained set of constraints 



{<&?,^} = o. 



$3 



ml 



$ 2 = <f>l + 2<Pl 



^ + 3^02 + 



P Va _ e(pig2g3) 

a (<? 2 ) 3/2 ®y/9 



,0 9293,1 ,P V9 



a (g 2 2 ) 3/2 



e(Pi?2?3) 



(19) 



(20) 



(21) 
(22) 



4 



is canonical, because the only non-vanishing (on S) PB among them are 



{*l = {*l, I (m + L y/m* - j^j , *§} = -a^, (23) 

i.e., on S the maximal partition of the set of constraints is achieved: each second-class 
constraint of the final set has the vanishing (on the constraint surface) PB with all the 
constraints of the system except one, and the first-class constraints have the vanishing PB 
with all the constraints. Therefore, there are three constraints of the first class Bo| and two 



chains of the second-class constraints 21, ^ (second-class constraints are denoted by the 
letter $). 

The total Hamiltonian has now the form 

H T = -Ql + u&l, (24) 

i.e., is a function of the first-class. Note that the secondary constraints of the first class have 
the following PB with the primary constraint 

{$2, $J } = { $3 ; $i } = _ 3 ^$i - (25) 

<?2 



The second PB |25] are not of the form needed for obtaining local-symmetry transformations 
- the right-hand side must be expressed only through (first-class primary constraints are 
to be the ideal of quasi- algebra of all the first-class constraints ||). Therefore, instead of $^ 
in ^0, the equivalent constraint will be used 

®l = *? - (26) 

for which 

= -2*f $}. (27) 
Q2 



3 Local- symmetry transformations 

Now we can say that, according to the theorem proved in Ref.||, the action [I] is quasi- 
invariant under the one-parameter quasigroup of local-symmetry transformations. We shall 
derive these transformations by the method developed in Ref.|| ||, where it has been proved 
that for the obtained canonical set of constraints the generator of local-symmetry transfor- 
mations is to be the form 

G = e\ + e\ $1 + e\ (28) 
where the coefficients e™ 1 (mi = 1, 2, 3) are the solution of the system of equations 

e? 1 + eT'^T'T =0, mi = mx - 1, • • • , 3 (29) 

with the functions g 1 \ determined from PB 

, H} = g^f *?, < = 1, • • • , mx + 1 (30) 
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I| and |T2D . As gf f 



(here H 

?293/?2> 9i i = -!> 9ii = -Q3/Q2, 9i 1 = -92?3/9l, fl-i 1 1 = -1, the system of equations [29 



if c + 7x2^/2 + M 3^3 with m 2 and M3 given by eqs. 

2; 5l 1 



^2 > 01 1 

for determining e™ 1 becomes 



Denoting e\ = A, we obtain 



.3 , 9293^3 

fc l "T" 



2 £ 1 £ 1 



95 

93.3 
2 1 

92 



9293 
92 



0. 



(31) 



\\ = A + A 



9293 

2 ' 

92 



A} = A + 



A_ 
1 



9293 - 



9293 , n . . v 

-^-{2q 2 q 2 + 9293) 

92 



(32) 



We see that the quantity G in ^8] depends on q 3 ; therefore, for the desired local-symmetry 
transformations being canonical it is necessary to extend the phase space in the following 
way: 

Define the coordinates Qi = q% [i — 1,2,3), Q4 = q 3 ; then their conjugate momenta, 
calculated in accordance with the formula of theories with higher derivatives [1C], are Pj = 
Pi (i = 1,2,3), P4 = 0. The generalized momentum P 4 is an extra primary constraint of 
the first class. In the extended phase space the total Hamiltonian is written down as 



H T = H T {Q t ,P l )+uP, 



(33) 



where is of the same form as in the initial phase space ^| and u is an arbitrary function 
of the time. From |33| we may conclude that there do not appear additional secondary 
constraints corresponding to P4. The set of constraints in the extended phase space remains 
the same as in the initial phase space, obeys the same algebra and does not depend on new 
coordinates and momenta as H? does. 

We shall seek a generator G in the extended phase space in a form analogous to that in 
the initial phase space. Then from the requirements of quasi-invariance of the action 



S 



dr 



n 



P1Q2 + P2Q3 + P3Q4 + PaQa ~ H T 



(34) 



under the transformations generated by G, we obtain the same relations |32] for determining 



As a result, we find the expression for G: 



G = \(P 3 Q 2 ) + 2\(P 2 Q 2 + 2P 3 Q 3 ) + \\P 1 Q 2 + P 2 Q 



P3Q2 



Q2Q4 



XQ2Q, 

' Qi 



m\l Q\ — a -7^ + 



13 V9 eiP^Q, 



e{PzQ 2 Qz)+NQ 2 2 



Note that the obtained generator ^5] satisfies the group property 

{Gi, G 2 } = G 3 , 



3P 3 Q 3 ^ + 



+ AP 4 . 



(35) 



(36) 



where the transformation G 3 [35| is realized by carrying out two successive transformations 
Gi and G 2 1351. Now the local-symmetry transformations of the coordinates in the extended 
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one are of the form 



$Qx = {Qi, G} = -\\q% - 



e{PzQ*Qz)+MQ\ 



5Q% 



5Q% 

A' 



— XQ2 — XQ3, 

-XQ'i - 2\Q% - A 



01 
Qi 



Q2Q4 — 3 



(Q2Q3 

Qi 



+ 



3Q 



Qi 



e^{Q2Qz) 



a (Qlf 12 



-r, 



(37) 



<5Pr = {Pf,G} = 0, 



/(A, A, A; Q 2 , Q 3 , Q 4 ; P 1; P 2 , P 3 ), = ft(A, A; Q 2 , Q 3 ; P x , P 2 , P 3 ), 



here the functions / and ft, are rather cumbersome. One can verify that to within quadratic 
terms in SQi and SPj 

{Q i + SQ i ,P j + SP j } = S ij , (38) 

i.e., the obtained infinitesimal gauge transformations are canonical in the extended (by 
Ostrogradsky) phase space. 

We see from [37] that the vector Pf is gauge-invariant, and it is conserved also in the time 
evolution. 

The corresponding transformations of local symmetry in the Lagrangian formalism are 
determined in the following way: 



6x(r) = { qi (r),G} U 
We obtain 



x,q 2 = x,q 3 = x,p 3 = - 



5x» = -A i". 



dV 

dx 



Sx(t) 



d 
(h 



Sx(t) 



(39) 



(40) 



One can see that the Lagrangian [I] is quasi-invariant under these transformations. The 
corresponding Euler - Lagrange equation is 



d dL d 2 dL d 3 dL 



+ 



dr dx dr 2 dx dr 3 dx 
Under the transformations [39], ^ 



0. 



(41) 



5L 



dL dL ... dL .... 

OXn + -7—OXn + -rrrT^OX, 



d 

dr" 



dx^' '' 



dx. 



dL 



d dL d 2 dL 
+ 



di,, dr dx.. dr 2 dx, 



5L . 

Sx~ 6Xfl + 
! 5x u + 



<9L d dL 



dr dx, 



dL ... 



We obtain the Noether identity 

/ d <9L d 2 <9L d 3 &L 



dr 



dr 2 cte^ dr 3 dir^ 



.1 , ; 



0. 



(42) 



(43) 



Then we have 5L = — (d/dr)(XL). 

In particular, curvature (k) and torsion (/c) are transformed under the transformations |39 
and [5] as 

Sk = -A k, 5k = -X k\ (44) 



therefore, their contributions to the action S |l] are quasi-invariant under 

6L[k] = a-^(xV^k), 5L[k] = (3^-(xV±^k). 
dr dr 



(45) 



4 Spin-mass-curvature relation 

Consider some physical conclusions (first on the classical level) from the obtained set of 
constraints and the transformations of local symmetry. We have already seen that the 
integral of motion P\ is gauge- invariant. From invariance of the action Rounder translations 



we obtain that Pi is the energy-momentum vector. From invariance of the action [34] under 
rotations we obtain that the conserved angular momentum tensor is 

4 

= J2(Qa»Pa» - Pa P Qau)- (46) 
o=l 

This quantity is gauge-invariant in the initial phase space, i.e. on the surface P4 = 0. 
The quantities Pi and M^ v make up the Lie algebra with respect to PB: 

{Mfj, v , Pio-} = —g^Piv + fiwPi M , 

{Mpv, M s „} = g^ a Mu P + 9u P M^ - g V(T M w - g w M V(J . (47) 

One can construct the Casimir operators P 2 = M 2 and W of the Poincare group, where W 
is determined as 

1 

2 

with the particle spin defined in the case d = 2 + 1 by 



W = -S 2 = -M^M^P 2 - M^M^PIPir (4£ 



S = ^\Pl\- l/2 e^ p P?M^. (49) 

Let us obtain the dependence of the particle mass M on parameters of the curvature and 
torsion. To this end, we solve the equation of the constraint with respect to P 2 : 



P f = Ml = m 2 - 



(3k /3 2 P 

— ± W + amk 



(50) 



where k = yfg/iqi) 3 ^ 2 is the curvature. At a given value of curvature k, the particle has the 
mass either M + or M_. Since we can impose up to three gauge conditions 

Xa(q,P,r) = 0, a = 1,2, 3 (51) 



S 



with the requirements 

det\\{ X a,$?}\\^0, m = 1,2,3, (52) 
{x«,*i} + v m {Xa,*?}*0 (53) 



dr 

determined from eqs.|53] for constructing generalized Hamiltonian He), the ap- 
pearence of the tachyonic sector (M 2 < 0) can be prevented. Indeed, choosing 

Xi = k + cql = 0, X2 = <?2<?3 = 0, X2 = Qi ~ r = 0, (54) 

we obtain the determinant [52] to be equal to — ^cq\q\q\ • Then solving the inequality M 2 > 0, 
one can limit desired values c. 

For the relation between the mass of the particle and its spin we obtain the same two- 



branched expression as in Ref. JL1 



S = ±a ^j{^) 2 ~ 6 -f 3 ^ (0 = ^n P i), (55) 



i.e., for a fixed mass there are two world curves corresponding to different spin values. 
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